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Probability Density Function Approach for Multidimensional
Turbulent Flow Calculations with Application to In-Cylinder

Flows in Reciprocating Engines

Daniel C. Haworth* and Sherif H. El Tahryf
General Motors Research Laboratories, Warren, Michigan 48090

The probability density function (pdf) method is extended to two- and three-dimensional transient turbulent
flows. The numerical approach couples a Lagrangian Monte Carlo method to solve for the joint pdf of velocity and
scalar compositions with an Eulerian finite-volume algorithm to calculate mean pressure and a turbulence time
scale. A general approach applicable to variable-density chemically reacting flows has been taken; the present
results are for nearly uniform density inert flows. Three engine-like configurations have been investigated: 1) a
noncompressing axisymmetric cylinder-piston assembly with a central port; 2) a noncompressing axisymmetric
cylinder-piston assembly with an annular port; and 3) a compressing three-dimensional configuration with an
off-center valve. Pdf results are compared with measurements and with conventional k-c calculations for the two
axisymmetric geometries. For these noncompressing flows the pdf approach is found to have little advantage over
a k-€ model. Mean velocity profiles from both models are in good agreement with experiment for the central port
case, whereas agreement for the annular port is less satisfying. Root-mean-square axial velocities from both models
are low at early times in the intake process, but improve later in the cycle. Influence of numerical parameters on
solution accuracy is assessed. The present work confirms the feasibility of the pdf approach for complex turbulent
flows and represents an intermediate step in the application of pdf methods to multidimensional turbulent reacting
flows, where they are expected to offer their greatest advantage.

I. Introduction

MULTIDIMENSIONAL modeling is emerging as an
important diagnostic/design tool for in-cylinder flows in

reciprocating engines. Recent work includes studies of flow
structure, mixing, and turbulence in nonreacting flows1'2;
simulations of combustion in homogeneous-charge spark igni-
tion engines3'4; and studies of sprays and combustion in
direct-injection spark ignition5'6 and Diesel7 engines. These
studies serve to validate Submodels and numerical algorithms,
increase insight into the nature of the physical process occur-
ring inside the engine cylinder, and provide guidance for
design. Although at least qualitative agreement with experi-
ment often is achieved (when data are available), both physi-
cal modeling uncertainties and numerical difficulties pose
formidable obstacles to the development of truly predictive
simulations. Physical complexities requiring modeling include
turbulence, chemical reaction (including ignition and pollu-
tant formation)^ multiphase flows (i.e., fuel sprays), wall
effects, and interactions among these phenomena. The tran-
sient three-dimensional nature of the flowfield, moving
boundaries, and wide ranges of physically important length
and time scales complicate the numerical algorithms. Thus, in
using the simulations one is obliged not to stray far from the
conditions under which the models have been calibrated: The
development of improved physical submodels and numerical
algorithms remains an important task in realizing the full
potential of multidimensional modeling as a quantitative,
predictive tool for engine design.

Turbulence models used in multidimensional modeling
studies of in-cylinder flows typically have been of either the
constant diffusivity or two-equation (e.g., k-e) variety1"9 (k
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being the turbulent kinetic energy and e its viscous dissipation
rate). There have been few attempts to apply higher-order
closures to complex turbulent flows; an exception is the work
of El Tahry,9 who applied the Reynolds stress model of
Launder et al.10 to the annular intake flow considered in the
present study.

Two widely used models for the mean conversion rate of
reactants to products in engine combustion are "chemically
controlled" models, where the reaction time scale is deter-
mined by an Arrhenius expression relating mean reaction rate
to mean concentrations and temperature,3'5'7'11 and "mixing-
controlled" models, where the time scale of the reaction is
proportional to the turbulence time scale i =k/e.12 The for-
mer are inappropriate extensions of the instantaneous laminar
combustion rate expression to the mean turbulent reaction
rate, whereas the latter are valid only when the chemical time
scale is shorter than the turbulence time scale T. Hybrid
schemes that allow either kinetics or mixing to become rate
controlling have been applied in a number of engine modeling
studies.4'6'13 Flamelet models14 are another approach that has
shown promise for homogeneous-charge engine combustion.

Probability density function (pdf) methods provide an al-
ternative approach to turbulence and turbulent combustion
modeling that requires fewer modeling assumptions and
hence, in principle, should be more accurate and general. In
the pdf method we solve for the joint pdf of either the scalar
composition variables defining the thermochemical state of
the system (composition pdf) or the scalar compositions plus
the three components of velocity (velocity-composition pdf).
Closure problems associated with strongly nonlinear chemical
reaction rates and (for the velocity-composition pdf) with the
mean pressure gradient, body forces, and convective transport
are overcome. Molecular transport and the fluctuating pres-
sure gradient remain to be remodeled.

Composition pdf approaches have been applied to engine
flows by Brandstatter and Johns15 and by Borghi et al.16'17 In
all cases two-equation turbulence models have been used
together with gradient transport assumptions. Such assump-
tions undermine the performance of the model, particularly in
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premixed flames with high density ratios where countergradi-
ent diffusion has been shown to be important.18 The velocity-
composition pdf formulation used in the present work avoids
gradient diffusion models; the modern foundations for this
approach can be found in the papers of Lundgren19 and
Pope.20

Because of their large dimensionality (7 + a independent
variables for the joint pdf of velocity and a scalar composi-
tions in three spatial dimensions and time), pdf transport
equations are not amenable to solution by conventional nu-
merical techniques; Monte Carlo algorithms have been devel-
oped as an alternative.20-21 Lagrangian solution procedures
are used in contrast to the Eulerian formulation that is the
basis for most alternative methods. f

Examples of modeling studies using the velocity-composi-
tion pdf and Monte Carlo solution algorithm may be found in
Refs. 22-27. Until recently, these applications had been lim-
ited to relatively simple flow configurations (i.e., statistically
one-dimensional transient, two-dimensional boundary-layer,
and self-similar flows), including both premixed flames24 and
diffusion flames.25 Anand et al.26 have extended the method to
incompressible statistically stationary two-dimensional elliptic
flows by coupling the Monte Carlo method to a finite-volume
calculation for the flow over a backward-facing step. Here we
follow a similar coupled approach with an algorithm appro-
priate for transient two- and three-dimensional variable-den-
sity flows. Some results for an axisymmetric engine-like
configuration have been reported by Haworth and El Tahry.27

The present work expands on the results presented in Ref. 27,
provides details of the modeling and numerical method in-
cluding studies of numerical errors, and reports the first
three-dimensional results obtained via the velocity-composi-
tion pdf method.

The next section contains a review of the pdf method for
turbulent reacting flows. Section III describes the flows to be
investigated. The numerical methods and modeling are pre-
sented in Sec. IV; this includes the finite-volume algorithm
and k-e turbulence model and the Monte Carlo algorithm
with its associated models. Section V contains the results. The
Monte Carlo results are evaluated with respect to measure-
ments and to k -e /finite- volume calculations; the sensitivity of
results to the choice of numerical parameters is presented.
And finally, results are summarized and conclusions are
drawn.

II. Probability Density Function Method
The goal of the velocity-composition pdf method is to

determine the evolution of the one-point joint probability
density function of the velocities U(x,t) and of the a scalars
<t>(xj) describing the thermochemical state of the system (i.e.,
species mass fractions and enthalpy). The joint pdf
jy^Y-tkiXJ) is the mass- weighted probability density of the
event (U(x9t) = Y^(x,t) =i£}. This pdf is a density in the
3 + a dimensional velocity-composition space; it is also in
general a function of position x and of time t.

All one-point statistics of any function of the velocities and
compositions Q(U9<t>) can be expressed as probability-
weighted integrals. The density-weighted mean, or Favre aver-
age, of Q is denoted by a tilde:

(1)

where the integration is over the entire velocity-composition
space. The conventional average (denoted by angled brackets
< » can be expressed similarly.20 Fluctuations with respect to
the conventional mean are denoted by a single prime (except
for velocity, where lowercase u is used), whereas two primes
are used for fluctuations with respect to the density-weighted
mean. Thus, for example, the density-weighted Reynolds

stress tensor can be written as (in Cartesian tensor notation)

= f (V, - GfatWj -
(2)

where Gt is obtained from Eq. (1) with Q(U,4) = Ut. The
dependence of mean variables on x and t is henceforth
dropped. For uniform density flows such as those being
considered in the present study, Favrejind conventional aver-
ages are identical; then Gt = <£/,->, u"u'j = <W/M/>, etc.

The integro-differential equation governing the evolution of
the joint pdf is derived from the Eulerian conservation equa-
tion for mass, momentum, and scalar compositions.20 In this
pdf transport equation, terms representing convective trans-
port, the mean pressure gradient, body forces, and reaction
source terms appear in closed form even in variable-density
flows, whereas terms representing molecular transport and the
fluctuating pressure gradient require modeling. The pdf
method proceeds by modeling these terms and solving the pdf
transport equation; the numerical solution is accomplished
using Monte Carlo methods.

A Lagrangian approach has proven to be fruitful for mod-
eling and solving pdf equations for turbulent flows20"27: We
model the behavior of fluid particles using "notational" par-
ticles whose motion in the 6 4- <j dimensional position-veloc-
ity-composition state space is governed by stochastic pro-
cesses. These stochastic models plus information on
turbulence length or time scales effectively provide closure
models for the terms involving molecular transport and the
fluctuating pressure in the pdf transport equation.

III. Flows
Two axisymmetric engine-like flows are selected to test the

new modeling approach. The chamber configuration is a
pancake (flat head and piston) cylinder with a 75-mm bore,

Fig. 1 Axisymmetric piston-cylinder assemblies, with central port
(top) and annular port (bottom).
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60-mm stroke, and 30-mm clearance (Fig. 1). There is no
compression: The piston is driven in simple harmonic motion
at a speed of 200 rpm (mean piston speed Vp = 0.4 m/s), and
the inlet/exhaust port remains open throughout the stroke.
The two flows differ only in the port configuration.

For the first case flow enters the chamber through a central
pipe of length 1.8m. The second arrangement consists of a
centered annular port simulating an open valve: The annulus
is angled at 30 deg with respect to the cylinder axis. For both
flows laser-Doppler anemometry has been used to obtain
radial profiles of mean and rms axial velocity at 10-mm axial
increments starting from the head for crank angles of 36, 90,
144, and 270 deg after top dead center.28

Several sets of earlier k-e calculations are available for these
axisymmetric flows.9'29'30 Gosman et al.29 report for both the
central and annular ports; El Tahry9 and Diwakar and El
Tahry30 present calculations for the annular port. Reference 9
includes systematic studies of the effects of grid refinement,
differencing techniques (quadratic vs skew upwind), and tur-
bulence models (constant diffusivity vs k-e vs Reynolds
stress).

Demonstration three-dimensional calculations for a pan-
cake chamber with off-center valve are also presented.

IV. Numerics and Modeling
Although in the principle, the pdf/Monte Carlo approach

can be used on its own as a solution procedure for multidi-
mensional flows,20 at present it lacks a robust algorithm for
the calculation of the mean pressure field. For this reason a
coupling of the Monte Carlo to a finite-volume procedure is
adopted. In this section we present in turn the salient features
of the finite-volume side, the Monte Carlo side, coupling of
the two sides, and specification of initial and boundary condi-
tions.

Finite Volume Side
Although the flows considered are of nearly unifor|tn den-

sity, the solution algorithm is applicable to variable-density
flows as well. Thus the principle equations solved are those
for the mean momentum, mean pressure, turbulent kinetic
energy K9 the viscous dissipation rate of turbulent kinetic

I energy £, and mean internal energy; mean density is calculated
using an equation of state. We will focus on the modeling of
the mean momentum equation; the incompressible form
suffices for this discussion. In Cartesian tensor notation this
equation is

_j_ v

(3)

Here v = fi/p is the kinematic viscosity, and all mean quanti-
ties are interpreted as integrals over the pdf in the sense of
Eqs. (1) and (2).

At the level of Eq. (3), it is the treatment of <«,«,> that
distinguishes the various statistical turbulence closures. In the
k-e model, modeled transport equations are solved for the
turbulent kinetic energy k (k = <i//w/>/2) and its viscous dissi-
pation rate e. The Reynolds stress term <«/«/> in Eq. (3) is
modeled by drawing an analogy between turbulent transport
of momentum and molecular transport: The molecular viscos-
ity /i is replaced by an effective viscosity /zeff = \i + /*„ where
fit is a turbulent viscosity based on k and e. In the present
work standard modeled equations for k and e and the usual
values for all model constants are used.8'9'29'30

In Reynolds stress closures the Reynolds stress term in Eq.
(3) remains explicitly in evidence, and up to six additional
equations governing the evolution of <w,w/> are added to the
set to be solved. At the level of the mean momentum equa-
tions, the pdf/Monte Carlo approach is equivalent to a

Reynolds stress closure, the difference being that the Reynolds
stresses are computed from the pdf [Eq. (2)] rather than from
modeled equations for <X«7>; compared to Reynolds stress
models, closure problems associated with convective transport
are overcome in the pdf method.

We now turn to the finite-volume solution algorithm. The
method used is based on the PISO algorithm developed by
Issa.31 Governing equations are discretized in a curvilinear
orthogonal coordinate system using a conservative staggered
grid arrangement. The discretized equations are solved implic-
itly using a predictor/corrector scheme. A combination of
standard (first-order) upwind and central differencing has
been implemented for the convective terms in the mean
momentum equation. Thus, the convective flux of momentum
& for each cell fact is calculated as

(4)

Here 7 is a constant specified a priori (0 < y < 1), and the
subscripts u and c refer to upwind and central differencing,
respectively. Low values of y generate more stable solutions
but may be highly diffusive; higher values of y are generally
more accurate but may lead to oscillations. Studies of the
effects of grid density and choice of y appear in Sec. V.

Monte Carlo Side
The Lagrangian algorithm and associated turbulence mod-

els are now described. We consider an ensemble of AT notional
particles. The wth particle is characterized by three position
coordinates *(n), three velocity components UW,.a scalars
$(n), a density p(w) (from an equation of state), a weight wW
representing the particle mass, and one or more timing vari-
ables T^}, depending on the number of particle interaction
models used (these will be described presently). In a time
interval St9 particle positions, velocities, and scalars evolve
according to

\*\t + df) = x\»\t)

-l A3)

+ dt) = <t>£ (a = 1,...,<

(5)

(6)

(7)

where g is a body force vector (per unit mass), and 5(n) is a
reaction source term. Here A UW is the particle velocity
increment due to viscosity and the fluctuating pressure gradi-
ent, and A<^w) is the increment in particle scalar composition
caused by molecular diffusion. Valid closure models for these
increments may include any functional of the pdf plus turbu-
lence scale information (e.g., the turbulence time scale T = kf
e). It may be seen that convection [Eq. (5)] and the effects of
the mean pressure gradient and body forces [Eq. (6)] and
chemical reaction [Eq. (7)] are treated without approxima-
tion.

It is convenient to introduce two spatial grids in the Monte
Carlo calculations: cells and bins. Cells are used for spatially
interpolating mean quantities that are needed as coefficients in
the modeled particle equations (e.g., £</?>/£*, and T); they
also define the local spatial regions over which particles can
interact in models of the particle interaction kind (see the
following). Bins, which may or may not coincide with cells,
are used for ensemble averaging over particles to obtain local
estimates of mean quantities. Convection in physical space is
treated without direct reference to the grids, so that numerical
diffusion is avoided.
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Modeling
For the velocity increment two classes of models are con-

sidered. In the first, AC/|w) of Eq. (6) is represented by a
simplified Langevin equation,20"23

(8)

where C0 is a model constant, T is the turbulence time scale,
and W(f) is an isotropic Wiener process. The latter is a
Markovian stochastic process whose increments dW(t) =
W(t -f 6f) — W(f) have a joint-normal distribution with zero
means «W/(0> = 0) an^ an isotropic co variance matrix
[<8Wt(t)6Wj(t)y = Sydt, where dtj is the Kronecker delta].
This model results in a return-to-isotropy of the Reynolds
stresses and a decay of turbulent kinetic energy. The corre-
sponding Reynolds stress evolution equation is23

dt dxk dxk

(9)

Here btj = <wlw/>/2A: — Sv/3 is the normalized anisotropy ten-
sor, and d = (3C0 + 2)/2. Equation (9) corresponds to Rot-
ta's linear return-to-isotropy model for the Reynolds
stresses10'32 plus isotropic dissipation. With C0 = 2.1 (the stan-
dard value22), the value of the Rotta constant is Q =4.15.
This is close to the value Cl = 4.5, which is found to yield
good results in free shear flows in the absence of an explicit
model for the "rapid" pressure terms, that is, terms involving
the mean velocity gradients on the right-hand side of Eq. (9).

The second class of models is the particle interaction
type.20'33 Here the improved form of these models deteloped
by Pope33 is implemented. According to these models, the
velocity of a particle changes at discrete times via an interac-
tion with a nearby second particle, the frequency of the
interactions being proportional to r"1. The selection of par-
ticles for interaction is biased in favor of those that have not
recently undergone an interaction. Thus, it is necessary to
track each particle's "age" since last mixing.

With particle interaction models the viscous effect and
fluctuating pressure gradient effects are modeled separately.
Viscous effects are simulated by a stochastic mixing model,
whereas a stochastic reorientation model handles the effects of
the fluctuating pressure gradient. On each computational time
step, particles selected for mixing are paired at random within
cells. A stochastic mixing event proceeds as follows. Two
particles p and q selected and paired for mixing have their
velocities incremented according to

> = P[ - U(q\f)
(10)

where U(P9) is the mean of their initial velocities,
£/</>*> = [£/(/»(,) + tf<fl(f)]/2. Here 0 is a random variable
(0 £ P £ 1) prescribing the degree of mixing. For p = 0 the
velocities of the two particles remain unchanged; for /? = 1 the
velocity of each particle after mixing is equal to the mean
of their initial velocities. The effect of this model is to leave
the mean velocities unchanged while causing the turbulent
kinetic energy to decay. The rate of decay is set by a model
constant Cu that appears in the age distribution;33 for consis-
tency with the decay of homogeneous turbulence (dk/dt =
-6), CWEE!.O.

Stochastic reorientation, on the other hand, causes the
Reynolds stress tensor to approach isotropy while leaving the
mean velocities unchanged. Thus, two particles p and q se-
lected and paired for stochastic reorientation have their veloc-
ities modified according to

^> = - U(q\t) + tf <**> - (11)

where &U(pq) is the magnitude of the distance separating
particles p and q in velocity space (AC/(/>9) = |t/(/0- U(q)\)9
and 2 is a randomly oriented unit vector. A model constant Cr
appears in the specification of the age distribution for the
stochastic reorientation model. The Reynolds stress evolution
from the combination of these two particle interaction models
follows Eq. (9), with Cl = Cr; we take Cr = 4.5.23 Thus, in
homogeneous turbulence «M /M /w fc> = 0), the combination of
these two particle interaction models yields (for equivalent
values of model constants) the same evolution of the
Reynolds stresses as the simplified Langevin model. For inho-
mogeneous turbulence, different velocity pdf values from the
two classes of model (e.g., different values of {w/w/Wfc » lead to
different Reynolds stress evolutions.
Numerical Algorithm

Formally, the process of extracting mean quantities from
the pdf consists of evaluating moments of the pdf in the
appropriate sample space [Eqs. (1) and (2)]. In the Monte
Carlo method mean quantities are estimated by ensemble
averaging over the particles within bins. The mass- or Favre-
averaged mean of any function of the velocities and scalars at
position xm and time t can be estimated as the weighted
ensemble average over the Nm particles in the wth bin at
position xm at time t. For example, an estimate of the
Favre-averaged Reynolds stresses at xm is

1;*rm n

1 ,.

where

0,* ^vm

(12)

(13)

The statistical error in this estimate is of order N~l/2. These
bin averages are smoothed spatially using tensor product
three-dimensional cross-validated cubic smoothing splines34'35

to obtain smooth profiles of mean quantities and to reduce
statistical error. The statistical error in the splined profiles is
of order N~l/2.

Two forms of particle distribution control are exercised in
the course of the calculations. Particle positions in physical
space are shifted on each time step to ensure that, at the
resolution of cells, the particle volume is consistent with the
fluid volume. This mean continuity requirement nominally is
satisfied automatically in the course of the calculations,20 but
statistical and discretization errors lead to small deviations.

A second set of corrections maintains the particle number
density in physical space and the distribution of particle
weights so that statistical error is uniformly distributed. It
may be seen from Eqs. (12) and (13) that particle weights can
be modified in many ways that leave weighted averages
unaltered. For example, the weights of all particles can be
multiplied by any constant. Particles can be "cloned"; i.e., a
particle of weight w can be split into two particles of weight
vv/2 with the same properties at the same physical location,
and particles of weight w, less than some preferred weight w>,
can be "annihilated" or removed with probability 1 — vv/vv
and "promoted" from weight w to weight w with probability
w/w with only a small statistical error. These ideas are used to
keep particle weights nearly uniform within cells, keep the
particle number density nearly uniform in physical space,
ensure that only particles of equal weights can pair in particle
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interaction models, and keep the total number of particles N
under control when there is a net inflow or outflow of fluid
from the computational domain.

In the axisymmetric calculations additional operations are
required. Particles are confined to the radial-axial (r-z) plane
and their weights and velocity components modified via a
procedure that retains the three-dimensional nature of the
fluctuating velocity field while taking advantage of the fact
that mean quantities are independent of azimuth angle.20'21

Particle weights w(/l) are proportional to the particle's radial
coordinate; that is, particles at large radial distances from the
axis of symmetry represent larger volumes of fluid than
particles near the axis. The system of variable particle weights
is also used to account for nommiform fluid density in
variable-density flows.

The Monte Carlo method described earlier provides an
exact solution to a modeled pdf transport equation in the
limit as the number of particles N approaches infinity and the
numerical time step St approaches zero.20'21 For a finite
number of particles the statistical error is of order N~l/2.
Typically, on the order of 104 particles have proven to be
adequate for statistically one-dimensional flows; here 105 to
106 have been used for statistically two- and three-dimen-
sional flows. Explicit time differencing is used in the Monte
Carlo calculations with the time step A/ taken to be a fraction
of the turbulence time scale r.

Coupling |
At the completion of a finite-volume time step] mean

velocities, mean pressure gradients, and the turbulence time
scale are passed from the finite volume to the Monte Carlo
side of the code. The Monte Carlo side is then advanced one
time step as outlined earlier; the resulting Reynolds stress
values are fed back to the mean momentum equation on the
finite- volume side for the beginning of the next step. On each
time step particle velocities on the Monte Carlo side are
corrected to finite-volume mean velocities at the resolution of
cells. In variable-density flows the mean density as well as the
mean velocity must be kept consistent on the two sides of the
calculation.

Initial and Boundary Conditions
Initial conditions for the axisymmetric calculations are

generally the same as those used by El Tahry9 in his study of
the axisymmetric annular port flow. The calculations are
started at top dead center with a quiescent mean velocity field,
with turbulent kinetic energy and its dissipation rate scaled to
the mean piston speed Vp, and with the isotropic Reynolds
stresses having a joint-normal distribution,

(LOo = 0, k0 = 0.09 V2
p ,

e0 = 0.

0 = 2 ArcAy/3

(14)

where y is the distance to the nearest solid boundary, and
subscript 0 refers to time t = 0.

Boundary conditions are specified as follows. For solid
walls mean velocities are set to the boundary velocity Ub.
Adopting the usual approach taken in k-e modeling stud-
ies,9'29'30 we use the log law applicable to one-dimensional
steady turbulent boundary layers to set the level of the wall
shear stress in the mean momentum equation. No informa-
tion from the wall is needed for the k equation, since the flux
of k is zero at the wall. The dissipation rate in the cell
adjacent to the wall enw is prescribed via the standard wall
expression.8'9 Thus, the boundary conditions can be expressed
as

where the subscript w denotes a value at the wall, Ay is the
normal distance from the wall to the cell center adjacent to
the wall, and C^ and K are standard model constants in the
k-e model.8'9 On the Monte Carlo side specular reflection
boundary conditions are specified for particle velocities; this is
consistent with zero turbulent flux boundary conditions.

The finite-volume calculation is performed for a single-cell
width pie-shaped wedge in three dimensions. The two azi-
muthal faces are tied together, thus enforcing axisymmetry.
On the axis of symmetry the element faces degenerate to zero
area, thus ensuring zero flux at the pole.

At inflow boundaries, the mass flux entering the cylinder is
calculated from the pressure drop across the entrance and an
orifice model.29 Profiles of mean velocity are taken to be
uniform for the annular port and a 1/8-power law profile for
the central port. For turbulence quantities uniform profiles of
k and e are specified9:

*h,=0.' (16)

where Wmax is the peak mean axial velocity at the inlet, and
AR is the annulus width for the annular port case
(A/? = 4 mm) or the inlet pipe radius for the central port case
(&R = 9.375 mm). The radial, aximuthal, and axial compo-
nents of the Reynolds stress at the inlet are given by
<w2 > = 0.5&, (w2, > = 0.7k, <w2 > = 0.8&, respectively, and the
only nonzero component of the shear stress is <«rwz > = 0.2&.9
The pdf of entering velocity is joint normal.

V. Results
We concentrate on results for the central port; further

results for the annular port including passive scalar statistics
may be found in Ref. 27. Demonstration calculations for
a three-dimensional configuration are presented. Before the
results are shown the baseline numerical parameters are
specified.

Baseline Numerical Values
In axisymmetric cases the finite-volume grid is uniform in z

(expanding/contracting with the piston motion) and piecewise
uniform in r to accommodate a finer mesh spacing under the
port. Grids used are summarized in Table 1: The 62x62
meshes have been selected as our baseline with y = 0 for
maximum stability. The computational time step expressed in
crank angle degrees A0 is also given in Table 1. The explicit
implementation of the Reynolds stress terms and the use of
values of y different than zero [Eq. (4)] can lead to oscillations
for large A0. Typically we find that, once A0 is small enough
that oscillations are suppressed, further reduction yields little
change in calculated mean and rms velocities. Results on the
62 x 62 mesh are not entirely grid-independent (as will be
shown below) but suffice for this assessment of the new
method.

Table 1 Finite-volume meshes for axisymmetric flows8

Designation Flow type nr A0

Cl
C2
C3
AO
Al
A2
A3
A4

Central port
Central port
Central port
Annular port
Annular port
Annular port
Annular port
Annular port

43
62
88
28
43
62
88

126

43
62
88
28
43
62
88

126

0.40
0.20
0.10
1.0
0.50
0.25
0.125
0.0625

Uyw = Ub, (15)
There are nr cells in the radial (r) direction, nz cells in the axial (z)

direction, and the computational time step in crank angle degrees is A0.
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a) c)

b) d)

Fig. 2 Contours of the normalized mean stream function for the central port. Top figure of each pair shows measurements28; bottom figure shows
calculations. Calculations at 36 and 90 deg are from coupled Monte Carlo finite-volume runs; those at 144 and 270 deg are from ft-c/finite volume:
a) 36 deg; b) 90 deg; c) 144 deg; d) 270 deg.



214 D. C. HAWORTH AND S. H. EL TAHRY AIAA JOURNAL

We concentrate on results for the first two crank angles, 36
and 90 deg. Unless otherwise specified, 21 x 21 spline basis
functions in the r-z plane and nominally 250,000 computa-
tional particles are used in the Monte Carlo calculations (the
number of particles varies in the course of the calculations, as
explained in Sec. IV). Monte Carlo cells coincide with bins,
and the number of Monte Carlo cells is equal to the number
of finite-volume cells.

Central Port
For this flow, particle interaction models for particle veloc-

ities have been used. Calculated (mesh C2, y = 0) and mea-
sured28 streamlines are shown in Fig. 2. At early crank angles
(Fig. 2a), the flow consists of a jet from the entrance to the
piston and a single large toroidal vortex. By 90 deg (Fig. 2b),
a small secondary recirculation zone has developed in the
head-cylinder wall corner; this structure grows to occupy
about one-third of the chamber length at 144 deg (Fig. 2c).
Then, at 270 deg (Fig. 2d), all evidence of vorticdl flow
structure has disappeared and we are left with a simrjle sink
flow. Calculated stream functions on the C2 grid qualitatively
duplicate the measured flow patterns; quantitative agreement
is reasonable good. It should be noted that there are large
errors associated with extracting numerical values of stream
function from the measured velocity fields.28 Statistical error
in the splines causes the calculated value of the stream func-
tion at the cylinder wall to differ from the experimental value.
Although it may not be evident in Fig. 2, the splined mean
velocity does (by construction) satisfy the boundary condition
that the mean velocity is equal to the piston velocity at the
piston face.

In Figs. 3 and 4 calculated profiles of mean and rms axial
velocity are compared with measurements. Here and in the
following, the axial rms velocity from k-e calculations is
deduced assuming isotropy of the normal stresses: <w2 > = 2k j
3. For the mean velocities (Fig. 3) agreement with measure-
ment is very good. It may be seen that differences between
mean velocity profiles obtained from the coupled calculations
vs those from k~e /finite volume alone are small.

Calculated rms turbulence levels (Fig. 4) are quite low at
the first crank angle (36 deg). At 90 deg, the general profile
shapes are well matched, but both models tend to overshoot
the peak in the high shear region of the jet, and both sets of
calculations are high on the centerline as well. Thus, the
model matches experimental mean velocity profiles at both
crank angles, yet underpredicts the rms velocity severely at
the earlier time and overpredicts it at the later time. This leads
us to suspect the measured turbulence levels at 36 deg,
z = 10 mm. These levels are unusually high: The peak rms
velocity is over 50% of the centerline mean jet velocity. At
90 deg, mean velocities are higher, yet turbulence levels are
lower than those at 36 deg. A second possible explanation for
the discrepancy between model and measurement is the inflow
boundary conditions: The time-dependent inlet mean velocity
profiles specified in Ref. 29 yield better agreement between
calculated and measured rms velocities at 36 deg than that
found here.

The similar behavior of the two models is to be expected
for this flow: It is a flow of nearly uniform density and is
dominated by the strong incoming jet. The simple nature of
the pdf turbulence models (i.e., no rapid pressure term) and
the use of the standard dissipation equation for the turbulence
time scale T also contribute to the relatively small differences
observed between the two computational approaches.

Much of the difference that is observed between Monte
Carlo and k-e rms velocities can be attributed to anisotropy in
the normal components of the Reynolds stresses in the Monte
Carlo calculations. In the highest shear regions of the flow the
axial component tends to be larger than the radial or axi-
muthal components; in low shear regions the axial component
tends to be the smallest of the three. Thus, the turbulent
kinetic energy k =««?> + <wi> + <w2»/2 from the pdf
model is not as different from the k~e results as Fig. 4 implies.

Results are relatively insensitive to the choice of y; for this
flow the strong incoming jet is aligned with the computational
grid so that numerical diffusion may be minimal in the regions
where the steepest velocity gradients occur. Mesh density has
a strong influence, however. Reducing the number of cells

10 20 30 40 50 (mm)

Fig. 3 Radial profiles of mean axial velocity <C/Z> at several axial
stations for the central port, normalized by the piston speed Vp. Solid
lines are coupled Monte Carlo finite-volume calculations; bold dashed
Unes are *-</finite-volume calculations; symbols and light dashed Unes
are experimental data28: a) 36 deg; b) 90 deg.

(mm)

a)

20 30 40 50 (mm)

L-L 0

b)

Fig. 4 Radial profiles of rms axial velocity <«2>1/2 at several axial
stations for the central port, normalized by the mean piston speed Vp:
a) 36 deg; b) 90 deg. Symbols as in Fig. 3.
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from 62 x 62 (C2) to 43 x 43 (Cl) dramatically alters the flow
pattern; the small secondary vortex visible in the measure-
ments at 90 deg (Fig. 2b) is not present in the coarser mesh
calculation. This is probably a result of the wall boundary
condition [Eq. (15)]: The value of the length scale l = k3/2/e
close to the wall is sensitive to the width of the computational
cell adjacent to the wall. Mean and rms velocity profiles on
the three meshes Cl ->C3 of Table 1 vary significantly from
Cl to C2, but show little further change in going to finer
meshes.
Annular Port

Results for the annular port appear in Figs. 5-8. Here the
simplified Langevin equation [Eq. (8)] has been used for
particle velocities. j

Streamlines at 90 deg show the salient features of the flow
pattern (Fig. 5). Separation at the annulus edge leads to a
double counter-rotating vortex pattern, and a third recircula-
tion zone develops along the cylinder wall close to the piston.
As in the central port case, the flow degenerates to a simple
sink flow by 270 deg on the exhaust stroke (not shown).
Quantitative agreement between calculated and measured
stream function values is generally good at all crank angles.27

Comparison of mean (Fig. 6) axial velocities for the base-
line mesh (A2) reveals levels of agreement that are, as a
whole, not as satisfactory as for the central port case. The
most notable discrepancy is the severe undershooting of the
mean and rms velocities at 36 deg, z = 20 mm. The peak jet
velocity is also underpredicted at the measurement station
closest to the head (z = 10 mm) for 36, 90, and 144 deg. At
90 deg, the calculated jet tends to lie further from the cylinder
wall than the data show (Fig. 6b).

Calculated turbulence levels also exhibit behavior that
differs from measurements in some respects (Fig. 7). Close to
the head at both 36 and 90 deg, calculations show a double-
peaked profile of rms axial velocity that is not present in the
experimental data. It seems reasonable to expect two peaks in
turbulence intensity, one in each of the steep mean velocity

10 20 30 (mm)

(mm)

-30

-20

-10

a)

10VV

10 20

Fig. 5 Contours of the normalized mean stream function for the
annular port at 90 deg after top dead center. Top figure shows measure-
ments28; bottom figure shows calculations.

b)

Fig. 6 Radial profiles of mean axial velocity <£/,> at several axial
stations for the annular port, normalized by the mean piston speed Vp:
a) 36 deg; b) 90 deg. Symbols as in Fig. 3.

gradient zones on each side of the incoming jet. These double
peaks are present in the 90 and 144 deg measurements at
z — 20 and 30 mm, respectively.

Differences between Monte Carlo finite-volume mean veloc-
ity profiles and those obtained using the finite-volume al-
gorithm alone are again minimal (Fig. 6). More differences
may be seen in the rms axial velocity profiles (Fig. 7); here the
coupled calculation tends to yield higher turbulence levels in
the strong shear regions of the jet and lower levels near the
centerline, in better agreement with measurements than the
finite-volume results. As was pointed out for the central port
case, this can be attributed mainly to anisotropy of the
Reynolds stresses.

This flow is computationally more difficult than the central
port configuration for two reasons: 1) it may be expected that,
because of the orientation of the inlet jet at 30 deg to the grid,
this flow would be particularly susceptible to numerical diffu-
sion; and 2) the incoming jet impinges directly on the cylinder
wall so that wall boundary conditions may be playing a
stronger role here. The relatively small differences noted be-
tween pdf and k-e results can, as before, be atributed to the
nature of the flowfield and the models used.

Figure 8 illustrates the effect of variations in mesh density
and differencing scheme. The peak mean velocity at
z = 10 mm, 9 = 36 deg is shown as a function of mesh spacing
n~l and of y. For any value of y less than unity, convective
differencing is first-order accurate. Thus, we expect that for
sufficiently small mesh spacings the velocity at a point should
approach its asymptotic (n~l -»0) value linearly with n~l.
The curves of Fig; 8 appear to become linear for small n~l,
except for a small deviation in the y = 0.7 curve for small
njT1. Although it is not conclusive that the four curves for
different y are converging to the same value, it is clear that the
separation among the curves is decreasing as n~l decreases.
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Fig. 7 Radial profiles of rms axial velocity < u\ >1/2 at several axial
stations for the annular port, normalized by the mean piston speed
Vpi a) 36 deg; b) 90 deg. Symbols as in Fig. 3.
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0.00 o.or 0.02 0.03

Fig. 8 Normalized peak mean axial velocity vs mesh density n~
the annular port at 36 deg after top dead center, z = 10 mm: -
y=0.0; - - - - - - , y=0.3; — - — y=0.5; • • • • • • , y=0.7.

for

Two points are made concerning these results. First, con-
vergence is slow and (for coarse meshes) nonlinear. Thus, the
modest gain in going from AO (282) to Al (432) for y = 0.0
might be improperly interpreted as grid independence,
although, in fact, we are 10-15% below the apparent con-
verged value even on the A4 (1262) mesh. Trends for other
point quantities are similar. Second, mesh refinement tests
of this kind are complicated by nonlinear coupling among

k = 18

k = 12

k = 6

Fig. 9 Computational mesh for three-dimensional pancake chamber
calculations with an off-center valve. Labels refer to three planes
stacked normal to the cylinder axis.

equations and by the effect of mesh spacing on boundary
conditions. Typically 203 to 303 cells have been used in three-
dimensional engine simulations. 1~7

The influence of numerical parameters on the Monte Carlo
side of the calculation has also been examined. The number of
computational particles has been varied by a factor of two
about the baseline value (125,000-500,000 particles) without
significantly affecting calculated mean velocity or turbulence
levels. The splined profiles tend to be smoother when more
particles are used. For the axisymmetric flows we find that a
minimum of 17 x 17 basis functions are required to ade-
quately resolve the spatial variations in mean velocity and
Reynolds stresses; use of a smaller number clips the peaks. As
long as the number of basis functions is sufficient to resolve
the profiles of interest, further increases should not alter the
results significantly, since cross validation is being used.34'35

Systematic studies of statistical error for the Monte Carlo
algorithm in one spatial dimension may be found in Ref. 21;
errors introduced by splining are analyzed in Refs. 34 and 35.

El Tahry9 noted larger improvements in both mean and
rms velocities in going from a k -e model to a Reynolds stress
model than has been observed here in going from k-e to a pdf
approach. In particular, he noted a dramatic improvement in
the mean and rms velocities at 36 deg, z = 20 mm. Major
differences between the approach used by El Tahry9 and that
used here include the following: 1) an explicit model for rapid
pressure terms was included in the Reynolds stress closure
used by El Tahry; 2) a different boundary condition for the
shear stress (zero flux vs log law) was used in the earlier work;
and 3) a more accurate differencing scheme (skew-upwind
differencing) was used for the convective terms in the mean
momentum equations in Ref. 9.

Three-Dimensional Results
Three-dimensional runs have been made for a pancake

cylinder with off-center valve; an outline of the finite-volume
mesh is shown in Fig. 9. The flowfield near the time of
ignition is of primary interest in engine applications; hence,
the pdf/Monte Carlo algorithm is started following intake
valve closure at 252 deg after top dead center with initial
conditions taken from the k-e calculations. Compared to the
axisymmetric intake flows given earlier, all six Reynolds stress
components are now nonzero and the fluid density varies in
time.

Contours of turbulent kinetic energy on three planes
stacked normal to the cylinder axis at 370 deg (10 deg past
top dead center of compression) are given in Fig. 10. It can be
seen that the maximum turbulence levels are near the center
of the cylinder. The effect of statistical error is evident in these
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k = 12
• • 3.01 m2/s2

— 10.43 m2/s2

k = 18
... 2.69 m2/s2

— 10.74 m2/s2

Fig. 10 Turbulent kinetic energy contours on three planes labeled in
Fig. 9 at 370 deg after top dead center. Contour levels are equally
spaced between the given minimum and maximum values.

profiles: The flow is not perfectly symmetric about a plane
containing the cylinder and valve axes. Statistical error can be
reduced by increasing the number of computational particles,
developing improved smoothing algorithms, or improving the
implementation of the stochastic models (variance-reduction
techniques of Monte Carlo methods36). Smoothing is essential
to the successful implementation of these methods in multidi-
mensional flows so that the number of computational parti-
cles remains reasonable. Further three-dimensional results
including comparisons with measurements will be the subject
of future papers. A discussion of aspects of the Monte Carlo
algorithm peculiar to three-dimensional applications may be
found in Ref. 35.

VI. Conclusions
These results demonstrate the feasibility of applying the

pdf/Monte Carlo method to compllx multidimensional tran-
sient recirculating turbulent flows. The steep velocity gradi-
ents and (in the case of the annular port) inflow inclination to
the computational grid provide severe tests of the method.

We conclude that the k-e model and finite-volume solution
algorithm yield generally adequate mean and rms velocities
for the intake flows provided that solutions are reasonably
independent of numerical parameters. The implication for
simulations of turbulent reacting in-cylinder flows is that
relatively simple models may be adequate to calculate the
flowfield prior to intake valve closure and combustion. De-
tails of the turbulence model are expected to be more signifi-
cant following intake valve closure, when the flow is
dominated by the relaxation and redistribution of energy
rather than by shear-generated turbulence production. It
might be most appropriate to use the Monte Carlo only
during the compression and reaction phase of the cycle where
the benefits of the pdf approach in dealing with variable-den-
sity reacting flows are most significant; this approach has been
taken for the preliminary three-dimensional calculations. An-
isotropy of Reynolds stresses plays a more important role in
flows with swirl and scalar transport; passive scalar computa-
tions for the axisymmetric annular port configuration have
been reported in Ref. 27.

The pdf modeling approach yields results that are close to
those obtained using a k-e model for three reasons. First is
the uniform-density shear-driven nature of the test flows.
Second, the turbulence time scale is being taken from a
conventional modeled dissipation equation; particle-depen-
dent dissipation models are being developed as an alterna-
tive.37 And third, neither the simplified Langevin equation nor
the particle interaction models contain terms analogous to the
rapid pressure term of second-order closures; generalized ver-
sions of the Langevin equation include rapid-pressure
effects.38

Grid refinement tests reveal that finite-volume numerical
errors may be significant for mesh densities typically used in
multidimensional engine simulations, particularly for low-or-
der spatial differencing schemes. This may also be limiting the
performance of the pdf modeling in the present calculations.

Future work includes quantitative studies of scalar trans-
port (i.e., in-cylinder charge distribution) and flows with
swirl. The real potential of the pdf method lies in the calcula-
tion of variable-density chemically reacting flows where phe-
nomena such as countergradient diffusion and large density
fluctuations should prove more amenable to treatment than in
conventional closure models used in multidimensional engine
simulations. The present work should be regarded as an
intermediate step in applying these methods to transient mul-
tidimensional turbulent reacting flows.
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